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The time evolution of macroscopic quantities describing the relaxation of complex systems often contains a
domain with logarithmic time dependence. This logarithmic behavior at the macroscopic level is often asso-
ciated with strongly interacting elements at the microscopic level, whose interactions depend significantly on
their history. In this paper we show that stress relaxation in the Burridge-Knopoff �BK� model of multicontact
friction behaves logarithmically, when the model is in, or close to, the solitary state where the elements move
independently. For this regime we present an automaton that allows us to follow the decay of stress relaxation
over the entire range where it behaves logarithmically in time. We show that our model can be mapped onto a
system of noninteracting elements subject to a uniform distribution of forces, for which logarithmic stress
relaxation is derived analytically.
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I. INTRODUCTION

The gradual return of complex systems, such as spin
glasses �1�, structural glasses �2�, granular materials �3,4�,
proteins �5�, and microgel pastes �6�, towards thermody-
namic equilibrium is often anomalously slow. Macroscopic
quantities describing this relaxation frequently exhibit a
range of times where their time dependence is logarithmic.
When subjected to a constant weak driving force, the re-
sponse of these complex systems, including biological mate-
rials, decays logarithmically in time as well �7–9�. Both
types of slow behavior are usually associated with thermally
activated processes limiting the rearrangement of the micro-
scopic constituents. The behavior can arise either from the
parallel relaxation of independent elements, or by a sequen-
tial series of correlated complex events �10�. When modeling
their behavior, the constituents are often �10–12�, described
as elements i having an energy �i in their microscopic state.
The elements are separated from a more favorable state with
energy �i���i by an energy barrier �Ei, which they can over-
come thermally. Energies �i, �Ei, or �i� can all depend on the
state of the surrounding elements � j�i, and it is by these
couplings that complex interactions are introduced into the
models.

The exhaustion model is an example of a system display-
ing logarithmic relaxation without complexity �12�. It has
noninteracting elements distributed in such a way that all
values of the energy barriers are equally likely. The occur-
rence of such a distribution of energy barriers is regarded as
very artificial.

The Burridge-Knopoff �13� �BK� model with viscous
damping has been studied as an appropriate model for sliding
friction in the boundary lubrication regime �14�. At finite
temperature it displays logarithmic stress relaxation over a
range of times �14�, with a behavior similar to that found for
models with hierarchically constrained dynamics �11�. We
have shown that, when driven at a constant velocity, this
version of the BK model reaches a solitary state where the
model’s elements move independently �15�. Here we will

show that the BK model displays logarithmic relaxation
when its elements behave almost independently. The solitary
state displays strong analogies to the exhaustion model, with
the difference that the force acting on the elements before
they slip, and not the energy barriers, are all equally likely.
By introducing an automaton model which is exact for the
solitary state, we can follow the stress relaxation over an
extended time span. The results can be interpreted by map-
ping the automaton onto a simpler system of noninteracting
elements subjected to an almost uniform distribution of
forces. Analytical results can be derived for this simpler sys-
tem.

This paper is organized as follows. In Sec. II the dynam-
ics of the BK model is reviewed. In Sec. III we examine the
stress relaxation at finite temperatures �i� by full simulations,
�ii� by an exact automaton model, and �iii� by approximate
analytical derivations based on a simplified version of the
automaton. A summary and conclusions are given in Sec. IV.
Details of the analytical derivations are given in the Appen-
dix.

II. THE BK MODEL OF MULTICONTACT FRICTION

The static friction force between two surfaces is defined
as the amount of lateral force that has to be applied for the
surfaces to start sliding. Experimentally it is often found to
be approximately twice the dynamic friction force, the force
needed to keep the surfaces in relative motion �16�. Both the
static and dynamic friction force usually depend linearly on
the force perpendicular to the contact surface, a finding
called the Coulomb or Amonton law. Microscopically the
real contact area between two surfaces is only a fraction of
the macroscopic area of contact, either because of contami-
nants between the surfaces, or because of the roughness of
the surfaces. The real contact area is approximately linear
with the perpendicular load force, yielding the linear depen-
dence of the friction forces on load �17�. As the surfaces
slide, the force increases at the contact points. This increase
continues until the static friction force of a contact is
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reached, and the contact breaks or slips. A breaking or slip-
ping contact releases the potential energy stored in it, and
quickly new contacts are made. If the sliding velocity is low
enough, only a tiny fraction of the contacts are in motion or
in the process of breaking. In this case, the case of multicon-
tact friction, the dynamic friction force is mostly due to the
static friction force pinning the microscopic contacts.

The BK model �Fig. 1� is a model for this type of fric-
tional systems. It was introduced to describe the dynamics of
earthquake faults �13�, but later adapted to describe multi-
contact friction �14�. Slowly the top plate moves at a con-
stant velocity ẋ=vs, and in doing so increases the force via
springs of spring constant k1 on N blocks of mass m, repre-
senting the microscopic contacts. The blocks are connected
to the top plate at fixed distances D. Their points of attach-
ment on the top plate are denoted by xi=x+ iD, while their
positions are expressed by qi. All blocks are connected to
their first neighbors by springs of spring constant k2, repre-
senting the elastic interaction between the contacts. Further-
more, when in motion, the blocks are damped by a viscous
force −2m�q̇i, where q̇i is the velocity of block i and � is the
damping constant. The damping allows for the dissipation of
energy as the contacts move. The total force experienced by
a block is

�i = k1�xi − qi� + k2�qi−1 − qi� + k2�qi+1 − qi� − 2m�q̇i

= k1xi − �k1 + 2k2�qi + k2�qi−1 + qi+1� − 2m�q̇i. �1�

The blocks are anchored to the bottom immobile plate by a
static friction force of size �s. Due to the static friction,
blocks start to move only when they experience a force �i
��s, and stop once their velocity vanishes again, i.e., when
q̇i=0. Whether a block is moving or not, is characterized by
the dimensionless quantity hi

hi ��0, if q̇i = 0 �pinned�
1, otherwise �moving� .

� �2�

For convenience we shift the positions of the blocks by
�qi= iD, and scale them by �s /k1. We scale time by �m /k1
and forces by �s, so that Eq. �1� becomes dimensionless

�i = x − 	0
2qi + k̃2�qi−1 + qi+1� − 2�̃q̇i, �3�

where 	0
2=1+2k̃2, k̃2=k2 /k1, and �̃=��m /k1. From now on

we will only consider dimensionless quantities and will omit

the tilde. Note that due to the normalization, the static fric-
tion force is �s=1. To simulate the motion of the blocks, we
integrate their dimensionless equations of motion

q̈i = hi�x − 	0
2qi + k2�qi+1 + qi−1� − 2�q̇i� � hi�i, �4�

where

hi�t + dt� = 	0, q̇i�t�q̇i�t + dt� � 0

1, �i�t + dt� � 1

hi�t� , otherwise

 �5�

with dt the time step of numerical integration. If hi�t+dt�
=0, q̇i�t+dt� is set to zero. We use a fourth-order Runge-
Kutta algorithm with dt=0.005. The initial positions qi�0�
are chosen from a uniform random distribution qi�0�
= �−0.005,0.005�; furthermore, x�0�=0 and q̇i�0�=0. We use
periodic boundary conditions. To describe realistic sliding
systems, we choose k2=1 and �=0.5 as was suggested in
Ref. �14�. Initially we drive the system at vs=0.005. At this
velocity the individual blocks move only a small fraction of
the time.

In Fig. 2 the mean force �̄ is shown for a typical simula-
tion. At t=0 we start driving the top plate at a velocity vs,
and at t=20 000 we stop driving the top plate. Initially the
blocks do not exert much force on their neighbors, as they
are positioned at almost equal intervals along the plate; al-
most all the force acting on the blocks is due to the motion of
the top plate and the force acting on all the blocks is approxi-
mately equal. As the top plate moves forward, �i increases
until, nearly simultaneously, all blocks start to move when
�i=1. All blocks stop almost simultaneously as well. Such
sudden movement of one or more blocks is called a slip
event. Motion through such collective slip events is not
stable for moderate values of k2, and the distribution of
forces P��� widens progressively until at some point, at all
times, approximately the same small fraction of blocks is
moving while the others are at rest. This is illustrated in Fig.
2, where the initial sawtooth behavior of the mean force �̄

FIG. 1. �Color online� The Burridge Knopoff �BK� model.
Blocks of mass m are connected to neighboring blocks by springs of
spring constant k2 and to the top plate by springs of spring constant
k1. The top plate is moved at a low constant velocity vs. Blocks
move when they experience a force larger than the static friction
force and stop again when their velocity with respect to the bottom
plate vanishes.

FIG. 2. Mean force �̄ as a function of time, for a system with
N=10 000 blocks, k2=1, �=0.5, driven at vs=0.005 at a tempera-
ture kbT=� /16.7 �18�. The quantity � is defined in Eq. �6�. Notice
the gap in time indicated by vertical lines. At t=2
104 the top
plate is stopped �vs=0�, and the force relaxes approximately as a
logarithm of time.
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acting on the blocks settles in time roughly to a constant. The
relaxation occurring when the driving plate is stopped is de-
scribed in Sec. III.

In Ref. �15� we have shown that for k2�1.6 and ��0.5
the blocks evolve to solitary motion. In solitary motion a
block i moves while its first neighbors stay motionless
throughout the motion of block i. In Fig. 3 the velocity pro-
file of a driven BK model at T=0 is shown at short and long
times to illustrate the difference between collective and soli-
tary motion. At short times the motion of neighboring blocks
overlaps as illustrated by the broad diagonal lines in the ve-
locity profile. At long times in the solitary state, the motion
of one block is always separated in time from both of its
neighbors. There are still diagonal lines in the profile, but
they appear as “dashed.”

III. STRESS RELAXATION AT FINITE TEMPERATURE

At low enough driving velocities and high enough tem-
peratures the contacts between two surfaces can break due to
thermal fluctuations before they experience the static friction
force. Blocks can start moving while �i�1. Following Per-
sson �14,15�, the energy block i needs to gain by thermal
fluctuations before it can slip is given by

�Ei = ��1 − �i
2� with � = 1/2	0

2, �6�

where � is the maximum size of the energy barrier. The prob-
ability widt that block i slips �i.e., overcomes the energy
barrier� within a time dt is assumed to be

widt = � exp�− 
�Ei�dt , �7�

where � is an attempt frequency 
=1/kBT, T the tempera-
ture, and kB the Boltzmann constant. In practice, finite tem-

perature is simulated by drawing a random number ri
= �0,1� at each integration step for each block, and if ri

�widt, where dt is the step of integration, the static friction
force is decreased to zero by setting hi=1. In Ref. �15� we
showed that the solitary state is stable for temperatures kBT
�� /30, and still dominates the dynamics at kBT�� /15.

After we stop driving a system that is in the solitary state,
only thermal fluctuations can cause blocks to slip, even
though the blocks that are moving at that time will finish
their motion. Persson has found that relaxation of the aver-
age force is logarithmic over a range of times �14�. In Fig. 2
the relaxation of the mean force is shown, after the upper
surface is stopped. The fact that the relaxation has a logarith-
mic part makes it especially hard to study with conventional
simulations. While the relaxation slows down each order of
time, the integration time step has to be kept constant. We
can, however, make use of the knowledge of the solitary
state to extend our analysis over many decades of time, al-
lowing us to follow the logarithmic time behavior even for
low temperatures.

In Ref. �15� we calculated the distance a block moves in
the solitary state. We showed that a block experiencing a
force �init at the moment it starts to move, moves a distance

�q��init� =
�init

	0
2 �1 + exp�− ��/	�
 � �init�qmax �8�

in a time

�t =
�

	
with 	 = �	0

2 − �2 �9�

before its velocity vanishes and it sticks again. The force
after the block has slipped is given by

�after = �init − 	0
2�q��init� = �init�1 − 	0

2�qmax� �10�

and the slip of block i increases the force on the neighboring
blocks by k2�q��init�. For k2=1, �=0.5, and �i=1 these
quantities evaluate to �qmax�0.46, �t�1.9, �after
�−0.38�init.

Since in the solitary state blocks do not move at the same
time as their neighbors, we can use this knowledge to con-
struct an automatonlike model to describe the relaxation of
the mean force in the solitary state after the drive is removed.
In this automaton model the blocks are represented only by
the forces �i acting on them. The motion of block i is repre-
sented by an instantaneous decrease of the force acting on it,
and an increase of the force acting on its neighbors

�i−1 → �i−1 + k2�i�qmax,

�i+1 → �i+1 + k2�i�qmax,

�i → �i − �1 + 2k2��i�qmax. �11�

With the drive removed, the motion of blocks in the solitary
state is completely thermally activated. As for the full simu-
lation at each automaton cycle, we take N random numbers
ri= �0,1�, calculate widt from Eqs. �6� and �7�, and apply the
rule of Eq. �11� for each block with ri�widt. As the initial
state for the automaton we use the forces �i of a full simu-

FIG. 3. Block velocity as a function of time t ��a� short times,
�b� long times� and block index i in a system of N=100 blocks,
k2=1, �=0.5, T=0, driven at vs=0.005. Gray scale denotes veloc-
ity: when white, the blocks do not move, when dark, the blocks are
in motion. Note that blocks move only a fraction of the time. Insets
zoom in on part of the graph. �a� Initially blocks move in concert;
slipping blocks drag their neighbors along. The horizontal black
lines of blocks i and i+1 overlap partially, resulting in wide diag-
onal lines in this plot. �b� Eventually the blocks are in the solitary
state. Velocities of neighboring blocks do not overlap, although they
are correlated. As a consequence, the diagonal lines appear as
dashed. Note that in the solitary state �b� the profile is periodic in
time, whereas the profile in �a� is not.
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lation at the time we remove the drive. However, since a
fraction of the blocks is still in motion at the time the upper
plate is stopped, we first complete the motion of these blocks
at zero temperature before using the forces as an initial state
of the automaton. We can tune the interval between consecu-
tive automaton cycles so that we can choose the average
number of blocks n that slips at each cycle

dt =
n

Nw̄
Þ w̄dt =

n

N
, w̄ =

1

N
�

i

N

wi. �12�

As the average force decreases, w̄ decreases and the interval
dt increases. By increasing the time step accordingly, this
method keeps the amount of blocks n that move at each step
approximately constant. This makes the computational cost
of calculating the full relaxation curve by the automaton
model temperature independent, and allows us to calculate
exponential simulation time roughly in linear computer time.
A smaller n /N results in a smoother decay at a higher com-
putational cost. The automaton is accurate on time scales
larger than the typical duration of a slip event �t of Eq. �9�.
The value of n should be a small fraction of N to provide
good time and force resolution.

In Fig. 4 we show the distribution of forces at the moment
the top plate is stopped and at various stages during the
relaxation. The maximal force in the distribution decreases
with increasing relaxation time. The consequent narrowing
of the distribution is compensated by the increased probabil-
ity around �=0. This suggests that only blocks experiencing

the maximal force in the system have a significant probabil-
ity to slip. In the limit of extremely low temperature only
blocks experiencing the maximal force have a non-negligible
probability to slip as a consequence of the exponential be-
havior given in Eq. �7�.

In Fig. 5 we show the distribution of the force �init acting
on each block just before a thermally excited slip occurs. It is
created by measuring the stress acting on each block that
slips for the first N slip events. The distribution P��init� ini-
tially is peaked around �init=1 and progressively becomes
more uniform, extending to lower stresses, as more blocks
slip. It is much smoother than the one shown in Fig. 4 and is
approximately uniform for �init�0.25.

As block i slips, the force on its neighbors increases so
that there is a continuous supply of blocks near the maxi-
mum force in the distribution. From Eq. �11� it is clear that
the net result on the average force is a decrease of ��̄
=−�i�qmax/N, proportional to the force �i,init experienced by
a block just before it slips. The fact that the �i,init is rather
uniform suggests a simplified description of the relaxation.
Instead of advancing the automaton �Eq. �11��, we study the
relaxation of the force on block i only, resulting from a uni-
form distribution. This is a reasonable approximation be-
cause the distribution of Fig. 5 that we represent as uniform
already accounts for the effect that slip of block i has on its
neighbors. This simplified automaton relaxes under the rule

�i,init → �i,init − �i,init�qmax. �13�

A further simplification allowing analytical results is to as-
sume complete relaxation for each slip, namely,

�i,init → 0. �14�

From Eq. �7� the probability �i that block i has not yet
slipped after a time t is

�i�t� = exp�− wit� = exp�− �t exp�− 
��1 − �i,init��
 .

�15�

The fraction of blocks n̄�t� /N that have not yet slipped after
a time t after the top plate was stopped is given by

FIG. 4. The distribution of forces during relaxation after �a� t
�101, �b� t�106, �c� t�1014 and �d� t�1023, calculated by apply-
ing the automaton rules defined in Eq. �11� and the procedures as
defined in the text. The thick black line denotes the distribution at
the given time; the thin gray lines denote the distribution at the
three other times. Note that the maximum force in the distribution
decreases with increasing time and that the distribution becomes
peaked around �=0. N=10 000, k2=1, �=0.5, kBT=� /66.7.

FIG. 5. The distribution Pinit��� of forces �init acting on blocks
just before they slip, for the first 10 000 slip events in the simulation
of Fig. 4. Note that this distribution resembles a uniform distribu-
tion, while the distribution in Fig. 4 has a highly peaked nature.
N=10 000, k2=1, �=0.5, kBT=� /66.7.
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n̄�t�
N

= �
i=1

N

�i�t�Pinit��i,init� �16�

=�
i=1

N

Pinit��i,init�e−�t exp�−
��1−�i,init
2 ��. �17�

Consequently the average force �̄�t� at time t is given by

�̄�t� = �
i=1

N

�i,initPinit��i,init�e−�t exp�−
��1−�i,init
2 ��. �18�

If we assume N�1 we can safely replace the sum over �i,init
by an integral over �,

�̄�t� = �
−�

�

�Pinit���e−�t exp�−
��1−�2��d� , �19�

and integrate Eq. �19� numerically. We can either use the true
form of Pinit��� given in Fig. 5, or we can approximate it by
a uniform distribution of forces Pinit���=1 over 0��i,init

�1;

�̄�t� = �
0

1

�e−�t exp�−
��1−�2��d� . �20�

We can write Eq. �17� in a similar fashion

n̄�t�
N

= �
0

1

e−�t exp�−
��1−�2��d� . �21�

Approximations of Eq. �20� for short, intermediate, and long
times are derived in the Appendix. At short times the relax-
ation is given by

lim
t→0

�̄�t� =
1

2
−

1

2
�
��1 − exp�− 
����t
 . �22�

Since at low temperatures exp�−
���0, the force does not
relax considerably at short times. For long times, the relax-
ation is proportional to

lim
t→�

�̄�t� � exp�− �t exp�− 
��� , �23�

which gives an indication of how long it approximately takes
for the system to fully relax, t�exp�
�� /�.

The most interesting regime is at intermediate times,
where the relaxation is logarithmic

�̄�t� �
1

2
−

1

2
�
��̂ + log��t�� , �24�

here �̂ is the Euler-Mascheroni constant �̂�0.577.
In Ref. �14� Persson derives Eq. �24�, albeit without the

additive constant �̂, by making two assumptions that we
have not needed in our derivation. First, the assumption that
the energy barrier can be expanded linearly in terms of �
=1−�, and second, that the fraction of blocks n /N that have
not yet slipped is proportional to the mean force acting on
the blocks. On the contrary, for very low temperatures, we
can show that �̄� n̄2. At extremely low temperatures only the

block experiencing the maximal force has a non-negligible
probability to slip. In this case we can assume that the blocks
slip in order of decreasing stress, much like in the driven T
=0 case, but with exponentially increasing intervals between
consequent block slips. Consider a system of N forces �i
=0,1 / �N−1� , . . . ,1, so that �i=1

N �i /N=1/2, relaxing under
the rule of Eq. �14�. The mean force at a time where n blocks
have not yet slipped is

�̄�n� =
1

N
�
i=1

n
�i − 1�
�N − 1�

=
n�n − 1�

2N�N − 1�
�

n2

2N2 . �25�

By automaton simulations implementing Eq. �14�, we found
that Eq. �25� holds reasonably for temperatures kBT�� /15
and becomes nearly perfect at kBT�� /60.

In Fig. 6 we compare the different methods and approxi-
mations for calculating the stress relaxation �̄�t�. All curves
are scaled by �̄�t=0�. While the results of the automaton
calculations �Eq. �11�� are perfectly in agreement with the
full simulations, the analytical approximation of Eq. �20� is
not. This is due to the fact that Pinit��� is not a truly uniform
distribution. If instead we integrate Eq. �19� using Pinit���,
the agreement between the numerical integration and the re-
sult of the automaton calculations greatly improves, as
shown in Fig. 6�b�. We note that the automaton �Eq. �11��
gives a very accurate representation of the relaxation. The
assumption of the simplified automaton of Eq. �14� that ne-
glects the interactions with the neighbors and assumes com-
plete stress relaxation during a slip event, works very well.

FIG. 6. Comparison of the different methods to calculate the
stress relaxation for different temperatures. All initial configurations
are taken after a t=20 000 simulation with k2=1, �=0.5, vs

=0.005, N=10 000. All curves are scaled to �̄�t=0�. Curves from
left to right for decreasing temperatures, kBT=� /4.2, kBT=� /8.3,
kBT=� /16.7, kBT=� /33.3, kBT=� /50, kBT=� /66.7, respectively.
�a� The thick black line up to t=2
105 denotes the stress relaxation
calculated by the full integration of the equations of motion. The
thin gray line denotes the calculation of the slip of 2N blocks, by
the automaton of Eq. �11� started using the same configuration of
forces as the full simulation. The dotted black line is the numerical
integral of Eq. �20�. �b� The thin gray line denotes the automaton
calculation reported in �a�. The dotted line is the numerical integral
of Eq. �19�, with the actual Pinit��� calculated over 2N automaton
slips �see Fig. 5�.
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IV. SUMMARY AND CONCLUSIONS

In this paper we have studied the stress relaxation in a BK
model within three increasingly simplified models, by as-
suming that the system relaxes from the solitary state. �i� A
full continuum calculation for the dynamics and relaxation of
a driven BK-model as a reference system. This approach
allows us to study the system up to t�105. �ii� An exact
automaton �Eq. �11�� for the solitary state, which uses the
distribution of the full continuum calculation given in Fig.
4�a� as an initial state, to be able to study the relaxation over
many more decades. The agreement between the exact au-
tomaton and the full dynamical simulations is very good at
all temperatures, also when the actual dynamical model is
not in the solitary state �15�. Furthermore, we show that al-
though the stress of three blocks changes due to the slip of
only one block, the reduction of the average stress depends
only on the force acting on the moving block just before it
slips. From the results of this automaton we construct the
distribution of forces at the moment a block slips �Pinit���,
Fig. 5�. �iii� A simplified automaton �Eq. �14�� based on the
distribution Pinit���, which we do not solve numerically, but
we use as inspiration for an approximate analytical solution.
Consequently we have been able to describe the time depen-
dence of the mean of this distribution by an integral that can
be calculated analytically for short, intermediate, and long
times if we assume that this statistical distribution is uni-
form. The analytical results in these three regimes are very
similar to the one described in Ref. �11� to describe hierar-
chically constrained systems by means of very different as-
sumptions. Intuitively the stress relaxation of the strongly
connected elements of the BK model seems to indicate a
stress relaxation that is dominated by the interaction between
the elements. In this respect, the BK model can also be
viewed as hierarchical constrained because blocks increase
the force on their neighbors when they slip, increasing the
probability that their neighbors will slip as well. However,
the logarithmic relaxation has its origin in the fact that, in the
relevant range of parameters, the elements can essentially be
described as independent and their stress distribution as uni-
form.

Our results show that an alternative route to logarithmic
relaxation is the occurrence of localized events of individual
elements due to a uniform distribution of forces. These re-
sults are not against the idea that slow relaxation is charac-
teristic of complex systems, the complexity being cast in the
equal likeliness of all values of the forces acting on each
block rather than in the detailed interactions with the other
elements of the system.

APPENDIX: ANALYTICAL APPROXIMATIONS OF THE
STRESS RELAXATION

By making the substitution as in Ref. �11�,

� = �t exp�− 
��1 − �2��, Þ d� =
1

2
��

d�

�
, �A1�

we can estimate the behavior at short, intermediate, and long
times, by rewriting Eq. �20� as

�̄�t� =
1

2
�
�

�t exp�−
��

�t d�

�
e−�. �A2�

For very short times t�1/� the exponential in the integral of
Eq. �A2� can be neglected with respect to 1/�. We can ex-
pand the exponential of Eq. �A2� to first order in � and
integrate to give

lim
t→0

�̄�t� =
1

2
−

1

2
�
��1 − exp�− 
����t + O�t2�
 . �A3�

When t�exp�
�� /�, i.e., for long times, the exponential on
the right-hand side of Eq. �A2� decays much faster than 1/�.
We can roughly approximate Eq. �A2� by

lim
t→�

�̄�t� �
1

2
�
�

�t exp�−
��

�t d�

�t exp�− 
��
e−�

=
exp�
��
2�t
�

�exp�− �t exp�− 
��� − exp�− �t�


�
exp�
��

2
�

exp�− �t exp�− 
���
�t

. �A4�

For very long times t this is proportional to exp�−t /�� with
�=exp�
�� /�.

The solution for intermediate times can be found by inte-
grating Eq. �A2� in parts such that

�̄�t� =
1

2
�
�log���exp�− ����t exp�−
��

�t

+
1

2
�
�

�t exp�−
��

�t

log���exp�− ��d� . �A5�

Evaluating the first part of Eq. �A5� gives

1

2
�
�log��t�e−�t − log��te−
��exp�− �te−
���

=
1

2
�
log��t��exp�− �t� − exp�− �te−
���

+
1

2
exp�− �te−
�� �

1

2
−

1

2
�
log��t� , �A6�

where the approximation is valid when exp�−�t��0 and
exp�−�te−
���1.

For 1/�� t�exp�
�� /�, the last term of Eq. �A5� can be
approximated as

1

2
�
�

�t exp�−
��

�t

log���exp�− ��d�

�
1

2
�
�

0

�

log���exp�− ��d� = −
�̂

2
�
�A7�

with �̂ the Euler-Mascheroni constant �̂�0.577. Summing
Eqs. �A6� and �A7� results in the most important result of the
Appendix,

�̄�t� �
1

2
−

1

2
�
��̂ + log��t�� . �A8�
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